ELLIPTIC FIBRATIONS ON SUPERSINGULAR K3 SURFACE WITH ARTIN 
INVARIANT 1 IN CHARACTERISTIC 3 
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Abstract. We describe elliptic models with section on the Shioda supersingular K3 surface X of Artin in- 
variant 1 over an algebraically closed field of characteristic 3. We compute elliptic parameters and Weierstrass 
equations for the fifty two different fibrations, and analyze some of the reducible fibers and Mordell-Weil 
lattices. 



1. Introduction 



1.1. Definitions and examples. 



Definition 1. K3 surfaces are smooth algebraic surfaces X for which the canonical divisor ICx = Ox and 
H\X, Ox) = 0. 

Definition 2. Supersingular surfaces (in the sense of Shioda) are those for which all cycles in the 2— dimensional 
etale cohomology groups are algebraic. 



The Neron-Severi group, the group of divisors modulo algebraic equivalence, denoted by NS{X), is a lattice of 
rank, say p. The number p is called the rank of the K3. In characteristic 0, we have the inequality p < 62 — 2, 
' where 62 is the second Betti number. In characteristic p however, we can only say p < 62. In the case of K3 

^ i surfaces, 62 — 22. Thus, p < 22. According to the definition, (Shioda) supersingular K3 surfaces are the ones 

00 ' for which p = 22. The existence of such surfaces is a phenomenon particular to positive characteristic. We 

I now list some of the basic properties of K3 surfaces. The geometric genus, Pg — dim {X , Ox) = hP'"^ = 1, 

■ because, by Serre duality, h?{Ox) — h^{X,lCx Ox) = hP{Ox))- Its arithmetic genus, Pa — 1- Hence, the 
topological Euler characteristic x{Ox) = h°{Ox) - h^Ox) + h'^{Ox) = 2. We also have that cf(X) = 0, 

■ since c\{X) ~ ICx ■ ICx- Using Noether's formula cl{X) + C2{X) = 12x(Ox), we get the second Chern 
number, C2{X) = 24. Since bi{X) = 2h^{Ox), we get that bi{X) = 0. Thus, the Betti numbers must be 



&o = 1,61 =0,62 = 22, 63 = 0,64 = 1 
Some of the best known examples of supersingular K3 surfaces are: 

(1) Fermat Quartic. The Fermat quartic is a hypersurface in P'^ given by the equation 



It is a supersingular K3 surface over fields of characteristic 3 mod 4. 

(2) Kummer Surfaces. The Kummer surface of the product of 2 supersingular elliptic curves over fields 
of odd characteristic is a supersingular K3 surface. We describe in detail the Kummer surface 
associated to the product of the supersingular elliptic curve — — x with itself, over a field of 
characteristic 3. 

(3) Double sextic. The double sextic is a double cover of the projective plane P^, branched over a sextic. 
A K3 surface with polarization of degree 2 can be written as a double cover of , branched along 
a sextic. The supersingular K3 surface of Artin invariant 1 in characteristic 3 admits such a model. 

Many of the ideas underlying this work are based on the work of Tetsuji Shioda [Shlj . |Sh2] Noam Elkies, 
Matthias Schuett and Abhinav Kumar |Kul] . |Ku2j . among others. The author is grateful to all the above 
mathematicians for their amazing contributions and insights. 
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1.2. Elliptic Fibrations. Let k be an algebraically closed field, and let C be a smooth curve over k. 

Deflnition 3. An elliptic surface X over C is a smooth projective surface X with an elliptic fibration over 
C, that is, there is a surjective morphism f : X C such that all but finitely many fibers are smooth curves 
of genus 1, no fiber contains an exceptional curve of the first kind (that is X — )> C is relatively minimal). 
Moreover, / has a section^ that is, a smooth morphism s : C ^ X such that f o s = idc- We also require 
that X has at least one singular fiber, so that it is not isomorphic to the product E x C for some elliptic 
curve E after base-change by a finite etale map C — >■ C. 

We can use the zero section to describe the Weierstrass form. The generic fiber E can then be regarded as 
an elliptic curve over the function field k{C). The general Weirstrass form looks like 

+ ai{t)xy + a^[t)y ^ + a2{t)x'^ + a4^{t)x + a6(i), with ai{t) e k{t) 

which, in characteristic 3, can be simplified to 

y"^ = x^ + a2{t)x^ + a4{t)x + ae{t) 

The sections form an abelian group E{k{C)). The zero section will be denoted by O throughout this paper. 
The sections are in a natural one-to-one correspondence with the fc(C)-rational points on E. 



The Kodaira-Neron model gives a way to associate an elliptic surface X ^ C over the ground field fc, given 
the generic fiber E over k{C). The first step is to remove all the points from C at which the Weierstrass 
form is singular, and then filling in suitable singular fibers. This process is formally described by Tate's 
algorithm which we use extensively. It is a well-known fact that the Kodaira-Neron model is unique, given 
the Weierstrass form. 

1.2.1. Singular fibers. The singular fibers can be read off from the Weierstrass form using Tate's algorithm. 
All the irreducible components of a singular fiber are rational curves. If a singular fiber is irreducible, then 
it is a rational curve with a node or a cusp. In Kodaira's classification of singular fibers, these are denoted 
by Ii and II respectively. If a singular fiber is reducible, then every component is a rational curve with 
self-intersection —2 on the surface. 

1.2.2. Elliptic K3 surfaces. In this case, the base curve is P^. The degrees of the coefficients are restricted 
by the condition deg(ai(t)) < 2i, and some deg{ai{t)) > i, or else it gives a rational elliptic surface. At 
t = oo, we change variables by s = i, and the coefficients become a^(s) = s^*ai(i). Thus we can homogenise 
the coefficients to polynomials of degree 2i in two variables, s and t. The discriminant becomes then a 
homogeneous polynomial of degree 24 (in s and t). Thus, the Weierstrass form of a elliptic K3 surface over 

can be seen as a hypersurface in the weighted projective space P[l, 1, 4, 6]. 

1.2.3. Neron-Severi lattice and Mordell-Weil group. 

Definition 4. A key invariant of a K3 surface X is its Neron-Severi lattice NS{X) — NSi^{X). This 
is the usual Neron-Severi group of divisors defined over k modulo algebraic equivalence, equipped with 
the symmetric integer-valued bilinear form induced from the intersection pairing on the divisors. For K3 
surfaces, the notions of algebraic equivalence, numerical equivalence and linear equivalence coincide, which 
implies that the Picard group of a K3 surface is naturally isomorphic to the Neron-Severi group. 

For a K3 surface, this is an abelian group and the pairing is even, that is, C ■ C G 2Z for all C G NS{X). 
By the Hodge index theorem, the pairing is non-degenerate of signature (l,p — 1), where p is the rank of 
NS{X) (also known as the rank of the K3). In our case, p = 22, in other words, X is a supersingular K3 
surface. By Artin l Arj . the discriminant of the Neron-Severi lattice is —p^", where p is the characteristic of 
the base field fc, and a is an invariant for the surface, known as the Artin invariant. It is also known that 
1 < cr < 10. In this paper, we will largely deal with the supersingular X3 surface over characteristic 3, with 
Artin invariant 1. Note the definite article here, since there can be only one, upto isomorphism, as shown in 
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If X C is an elliptic fibration with a zero section, NS{X) contains two special classes, the fiber F 
(preimage of any point of under /), and the image of the zero section O. The intersection pairing they 
satisfy is F ■ F = 0, O ■ O = —2 and F ■ O = 1. Hence the sublattice U generated by F and O is isomorphic 
to the hyperbolic plane {U). Conversely, any copy oiU in NS{X) describes X as an elliptic surface. One of 
the generators or its negative is effective, and has two independent sections, whose ratio gives the map to 
Pi. 

Definition 5. The essential lattice is the orthogonal complement of the copy oiU in NS{X), and is denoted 
by NScss- It is a positive definite lattice. 

Definition 6. The Mordell-Weil group of the surface f : X C \s the (abelian) group of sections from 
C — > X. This is also naturally identified with the A;(C)-rational points of denoted by E{k{C)), where E 
is the generic fiber for the elliptic fibration defined by / : X — > C. 

According to teh Mordell-Weil theorem jSi], E{k{C)) is a finitely generated group. 

Definition 7. The trivial lattice T is the lattice generated by the classes O, F and the F^,i, where O is the 
zero section, F is the class of the fiber, and F^ i is the i-th. non-identity component of the reducible fiber at 
V. Here, the identity component of a reducible fiber is the component intersecting the zero section. 

Thus, if nil, is the number of components of the fiber F^, then the rank(r) — 2 + X^i^epl™!^ ~ where 
P is the set of points of P^(A;) where the fibers are reducible. The Shioda-Tate formula gives the following 
relation between the Mordell-Weil group and the Neron-Severi lattice: 



Let R C NScss be the root lattice of NS^ss, that is the sublattice spanned by the vectors of norm 2 (known 
as roots). Then NScss/R can be canonically identified with the Mordell-Weil group E{k{C)). R itself is a 
direct sum of root lattices An [n > 1), Dn n > 4, Eq, E-i or £'§, with each factor indicating a reducible fiber 
of the corresponding type. 

1.2.4. Dynkin diagrams. The Dynkin diagrams corresponding to the root systems are given in Figure 1.1. 
Here the nodes indicate roots (rational curves with self- intersection —2), and two nodes are connected by an 
edge if and only if the corresponding rational curves intersect, in which case the intersection number is 1. 



E{k{C))=NS{X)/T 



Ax 



A2 



An {n > 2) 



I 




I 



I 



Er 



Figure 1.1. Dynkin diagrams 



The determinants of the negative-definite lattices defined by the respective Dynkin diagrams are: 
det(A„) = (-l)"(n + 1), det(AO = (-1)"4 (n > 4) 
det(£;6) = 3, detiEj) = -2, det{Es) = 1 
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1.2.5. Height Pairing. The height pairing formula between two sections P and Q is given by 

{P, Q) = X{X) +P-0 + Q-0-P-Q-Y, contiv(P, Q) 

V 

where x(^) is the Euler characteristic of the surface (= 2 in the case of Ki surfaces), and the correction 
terms contri^(P, Q) depend on the components of the fibers that are met by P and Q. More specifically, let 
An be the intersection matrix of the non- identity components of the fibers Fy^ i/ G 

Then if P meets 6i/,i, and Q meets then the local contribution term is given by 

contri.(P, Q) = if ij = 0, or = ~{A-%^^ if ij ^ 
We specialize P = Q to get the height of a single section P . Thus, 



h{P) = (P, P) = 2x{X) + 2P • O - ^ contr^(P, P) 

V 

The contribution terms are given in the following table. The conventions followed are the following: 

(1) The components of the fibers are numbered cyclically by 0o, 6i,- • • ,6n, where is the identity 
component. 

(2) At additive fibers, only the simple components are named. 

(3) The simple components of the fibers are numbered as 0i for the near component, and 02, 63 
for the far components (with respect to the identity component). 



Dynkin Diagram An^\ Eq Z3„ 



+4 



~] I I 1, » = 1 



?' 

2 ^ 4 ' ' ~ ^ 



n 3 2 ' 



As described in [Sh2) . we compute the determinant of the Neron-Severi using 

(_l)rank(i;(fc(C)))di3c(T(X))disc(MW^L(X)) 

where the discriminant of the Mordell-Weil Lattice (the free part generated by non-torsion sections) is 
calculated using the height pairing between the sections. {E{k{C)))tor is the group of torsion sections. 
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2. Elliptic Fibrations for the Supersingular K3 Surface with a ~ 1 over char 3 

2.1. Introduction. Our goal is to use 2-neighbour and 3-neighbour constructions in root lattices to obtain 
all possible elliptic fibrations of the supersingular surface of Artin invariant 1 over characteristic 3. Many of 
the ideas underlying the work in this paper are based on the works of Tetsuji Shioda [Shlj . |Sh2j Noam Elkies, 
Matthias Schuett and Abhinav Kumar I Kul| . |Ku2j . among others. From the works of Rudakov-Shafarevich 
and Ichiro Shimada we know descriptions of the abstract Neron-Severi lattices for other characteristics and 
Artin invariants. The methods used in this paper work more generally for those cases as well, although the 
computations can become more cumbersome, albeit finite. Ideally one should be able to design a computer 
program which could compute these fibrations in a reasonable time. 
A few definitions: 

Definition 8. A Niemeier lattice is the orthogonal complement of a copy of the hyperbolic plane U in the 
even unimodular lattice of signature (1, 25), II(i 25)- There are 24 such lattices, which have been enumerated 
by Hans-Volker Niemeier, and except one, all of them have root sublattices. These are all the unimodular 
even positive definite lattices of rank 24. 

Definition 9. A root in a lattice is an element of norm —2. 

Definition 10. A root lattice is one that is generated by its set of roots. 

The only Niemeier lattice that does not have any roots is the famous Leech lattice. All the other Niemeiers 
have finite index root sublattices. The entire list of root sublattices of the Niemeier lattices is as follows 

424 Al2 a8 46 Aiij r)6 44 42r)2 
^1 1^2 7 ^37 ^4: ^5-^^41 i^4, ^6' ^y-'^S' 

AitEt, Z^io-Ey, -Di2 7 ^24 7 DiqEs, _D24 

Here we prove that there is a finite list of possible elliptic fibrations on the supersingular K3 over a field 
of characteristic 3 which we assume to be algebraically closed. We describe the singular fiber, using the 
Neimeier lattice description. We go on to describe the fibrations, and give Weierstrass equations for these 
models. 

Lemma 1. There is a unique embedding of A2 into each of the root lattices R, upto the action of the 
automorphism group 

Proof. From the general theory of Weyl group actions on root lattices, we know that the action is simply 
transitive. Thus, if D and D' are two irreducible Dynkin diagrams giving a basis for the corresponding root 
lattice (as described in one of the earlier sections), then there is an element a 6 W{R) such that a{D) = D' . 
Based on this, we want to prove that given any copy of A2 within a root lattice, it can be extended to the 
complete Dynkin diagram, such that the copy of A2 forms 

(1) the first 2 roots of the An diagram, in case of an An root lattice, 

(2) the first 2 roots of the long tail of the £>„ [n > 4) diagram, in case of the £>„ root lattice, (note that 
any embedding of A2 is equivalent in a D4) 

(3) the 2 roots of the short tail of the Eq diagram, in case of the Ee lattice, 

(4) the 2 roots of the tail of length 2 (the other 2 tails being of length 1 and 3, all attached to the one 
single node of valency 3), in case of the £^7 lattice, and 

(5) the first 2 roots of the longest tail of the Eg, diagram, in case of the Eg lattice. 

In the case of An, let us denote the nodes by [ai, 02, 03, 04, • • • a„]. If our A2 maps to {02, 03}, we can extend 
the chain of nodes given by [02, 03, 04, • • • Un] by the root — (ai + 02 + 03 + • • • a„). This clearly gives us a 
new An diagram, with {02, 03} as the first 2 roots. If A2 maps to {03, 04}, we can extend the chain of nodes 
given by [03, 04, 05, • • • a„] by the roots { — (02 + 03 + • ■ • a„), — oi}. This gives us a new An diagram, with 
{03, 04} as the first 2 roots. If A2 maps to {04, 05}, we can extend the chain of nodes given by [04, 05, • • • a„] 
by the roots { — (03 + ■ • • a„), —02, — ai}. This gives us a new An diagram, with {03, 04} as the first 2 roots. 
We can do this with any embedding of A2 into A„. 

In the case of D„, given by [ai, 02, 03, • • • , a„_i, a„], where a„ is connected to a„_2 and no other root. If A2 
maps to {02, 03}, we can extend the straight chain given by [02, 03, • • • , a„] to a D„, using — (ai + 02 + ■ ■ ■ + 
a„_2 + o-n) and — (ai + 02 + • • • + ari-2 + On-i)- The other cases are very similar to this. 
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In the case of Eg, let us denote the diagram by [01,02,03,04,05,06], where [01,02,03,04,05] gives an A^, 
and 06 is connected to 03. If our A2 maps to {01,02}, we can extend the chain [01,02,03,05] by the roots 
— (oi + 2o2 + 2o3 + 04 + og) and — 05, which gives an Eq with the A2 now mapping to the shortest tail of an 
Eq diagram. 

We can do similar extensions to other embeddings of A2, and also similarly in the case of the other E^s. □ 

Theorem 1. There are 52 possible elliptic fibrations on the supersingular if3 surface of Artin invariant 1 
over an algebraically closed field of characteristic 3 

Remark 1. Although we assume the ground field to be algebraically closed, in our calculations we have to 
go only upto Fg. 



Proof. Let X/k be the supersingular K3 of Artin invariant 1, fc is algebraically closed field of characteristic 
3. The Neron-Severi lattice of X, NS{X){= N) is an invariant of X. From the classification of even non- 
degenerate lattices, we know that NS{X) = U ® A2 ® Eg, where U is the hyperbolic plane. This is a 22 
dimensional negative definite lattice of signature (1,21) and discriminant —3^. Using well-known results 
from lattice theory, we know that N can be embedded into the even unimodular lattice of signature (1, 25), 
11(1,25)- Now, as we described before, the choice of the class of a fiber and a zero section on X determines a 
copy of the hyperbolic plane U in NS{X), and vice- versa. Describing embeddings U ^ NS{X) is equivalent 
to describing the embeddings NS{X)-^ ^ U^, where the orthogonal complements are taken in the ambient 
H{i,25)- We know that the W"'-'s are by definition the Niemeier lattices. Now, according to a result due 
to Nikulin, let M ^ i be a primitive embedding of non-degenerate even lattices, and suppose that L is 
unimodular. Then the discriminant forms Qm^ — ~Qm- Conversely if Mi and M2 are non-degenrate even 
lattices which satisfy qmi — —Qm^: then there is a primitive embedding of Mi ^ L such that M^ = M2. In 
our case, let M = W © A| ® Eg. Thus, the discriminant of M is —9. Using the above result from Nikulin 
|Nl] . |N2j the discriminant of is 9, and it is of rank 4. Thus, M-^ = using to the classification of 
lattices. We thus need to figure out the number of embeddings of A2 in each of the Niemeier lattices, upto 
isomorphism. 

Now, using the previous lemma, we can describe the orthogonal complement of A2 in each of the root 
systems, and successively for the second copy of A2. The uniqueness of these embeddings follows from the 
preceding lemma. The list of the orthogonal complements are given in the table below. □ 



The following table gives the orthogonal complement of A2 in each of the different Niemeier lattices. This 
calculation is due to Noam Elkies and Matthias Schuett. 



Root System D 


AicD 


{Ai)^ C D 


A2 








A3 








An for n > 3 


An-3 


An-6 for n > 6 (0 for ^5,^6) 


D4 








D5 


Ai 





De 


A3 





Dn for n > 6 


Dn-3 


Dn-6 for n > 9 (0 for D7, A{ for Dg, ^3 for L»9) 


Eg 




A2 


Ej 


A5 


A2 


Es 


Ee 


Ai 



Thus the lattices that can contain j4| are Anin > 4), Dn{n > 5), and all of the EnS. 

Let be a Niemeier lattice, and A^' the orthogonal complement of Ai in N. Following is the list of Roots(A^) 
and Roots(Ar'). Borrowing notation from Noam Elkies, m : stands for the lattice obtained by extracting Ai 
from the m-th factor of Roots(A^), and mn : for the lattice obtained by extracting ^2's from the m-th and 
n-th factor. 
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Rnntcjf^ AT"! 


XVUULioliV I 




aI'2 


A 10 
A2 





^12 


1 : ^6^12 


2 


^3 


a6 
^3 


2 




11 A'2 
11 : 


2 


A\ 


A'2 A A 

AfAl 


2 


n3 


1 /I 2 7~l2 


2 




Dt 


4 




11 : D'iDfi 


2 


I \ A A 


12 : ^2^5 


3 




1 A A 

1 : A3 ^15 


2 




T~\ Ali 

2 : 1^4 ^5 


1 




2 : ^9 1^9 


2 






2 




10 7~1 /I 

12 : A>^12 


2 


^6 


1 : A$ 


1 


IP A 


1 A A 


1 




11 : AiA^ 


2 




2 : EtAu 


2 


'r\'2 A '2 


11 : A{A^ 


2 




12 : ^5^14 


1 




i~\ A ~r^2 A 

2 : AiDgAy 


2 


7712 7~~l 


1 : A2-E7i:'io 


1 




12 : AiA^U^A-; 


2 




11 : A^-Dio 







22 : AXD?^ 


2 




7^ T7i'2 

2 : Dihij 


2 




1 -1 /1 2 

1 : A2AI, 


2 




12 : A^DtEi 


1 




11 : Ar^Afi 


2 


-CI2 


1 : Ai-Di2 


2 


n 1 


1 : D^] 


2 




11 : iJrj 


2 




11 : A;^L>j5 


2 


^3 


1 : AiE'i 





DqA^ 


1 A2 

1 : 


2 




11 : E'^Es 







2 : AsiJe^g 


2 


-C'8-^16 


t A'2 T~\ 

1 : A^DiQ 







12 : A2,AqAq 


2 




XT' 7~1 


2 




22 : A^Dq 


2 




12 : £'6-Di3 


1 




1 : ^2^^! 







Ais 


2 




11 : A^£;^ 





^24 


-D18 


2 




1 : A2D-jAii 













2 : iie^ii 


3 










12 ; A^^DiAii 


1 










3 : -Bs^tAs 


2 










13 : AiDrA^ 


1 










23 : D4-E;6^8 


2 









Now we begin writing down the elliptic models. 



3. FiBRATiON 1 : All,A2,D^ 

Wcicrstrass equation: y"^ = + 2(t^ + l)x'^ + t^x 

This fibration corresponds to the fiber type of A11A2-D7. In the diagram below, we have the An fiber at 
t = 0, the A2 fiber at t = 1, and the fiber at t = 00, given by the nodes a^'s, 6j's and c/j's respectively. 
The zero section is given by the node O, and the torsion section by T. These nodes represent the roots of 
NS{X), which correspond smooth rational curves of self-intersection —2. 
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The trivial lattice (that is, the sub-lattice of NS{X) spanned by the classes of the zero section and the 
irreducible components of the fibers) has rank 2 + 11 + 2 + 7 = 22. Thus the MT4^-rank is 0. We have a 
4-torsion section, given by (t^, 0). The discriminant of the trivial lattice is 12 • 3 • 4 = 144. Thus, the trivial 
lattice together with the 4-torsion section has signature (1,21) and absolute discriminant 3^, and is thus 
equal to the full NS{X). Below are the positions of the reducible fibers, and some of the sections. 



Position 


Kodaira-Neron type 


t = 


An 


t = l 


A2 


t = 00 





section type 


equation 


4-torsion 


(^^o) 



4. FiBRATION 2 : D4,D4,D4,D4 

Weierstrass equation: y'^ = — t^{t - lY{t + \)'^x 

This is the Kummer surface associated to the product of the siipersingiilar elliptic curve = — x with 
itself, over characteristic 3. This fibration corresponds to the fiber type of D4, with MW-v&nk 4, and full 
2-torsion sections. In the diagram below, we see the D4 fibers at f = 0,1,-1 and oo,given by the nodes 
(1 < i < 4, < J < 4), the zero section O. and one of the non-torsion sections U. The nodes represent the 
roots in the Neron-Severi lattice, which correspond to smooth rational curves of self-intersection —2. 
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The trivial lattice (that is, the sub-lattice of NS(X) spanned by the classes of the zero section and the 
irreducible components of the fibers) has rank 2 + 4 • 4 = 18, and discriminant —16. The heights of the 4 
non-torsion sections are 2,1,1 and 2. We see that the sublattice generated by the trivial lattice, the torsion 
sections and the non-torsion sections has signature (1,21) and absolute discriminant 3^. Consequently it 
must be all of NS{X), which we know to be of the same rank and discriminant. 



Position 


Kodaira-Neron type 


t = 


Di 


t = 1 


Di 


t = -1 


Da 


t = oo 





section type 


equation 


2-torsion 


(0,0) 








{-t{t-l){t + l),Q) 



5. FiBRATION 3 : ^6,^6, ^6 

Weierstrass equation: y'^ = + {f^ - t + l)x^ + t^{t - 1)(1 + t - t^)x + t'^{t - if 

The original model over Q was given by Tate as an example of a singular K3 surface over Q, that is one 
with rank 20. The reduction of Tate's equation in characteristic 3 gives the above equation, and has fiber 
configuration 

^6,^6,^6 

Since it also has a non-torsion section, {0,t'^{t — 1)), thus the rank of the surface over characteristic 3 is at 
least 21. It is known that any such surface is actually of rank 22, and is hence supersingular. 

Fiber configuration 

6. FiBRATION 4 : Ai,Ar,D5,D5 

To obtain the Weierstrass equation for this fibration, we use a 2-neighbor step from Fibration 1. We compute 
the explicitly the space of sections of the line bundle 0{F), where F = 20 + 2ao + ai + an + &o + co is 
the class of the fiber we are considering. The space of the sections is 2 dimensional and the ratio of two 
linearly independent global sections will be an elliptic parameter for X, for which the class of the fiber will 
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be F. Any global section has a pole of order at most 2 along O, the zero section of Fibration 1. Also it has 

at most a double pole along ao, which is the identity component of the t = fiber of Fibration 1, a simple 
pole along each of ai and an and along bo and cq, the identity components of the fibers at i = 1 and t = co 
respectively. We deduce that a global section must have the form 

ao + ait + a2t^ + a^t^ + a4t^ + bx 

w^) 

Since 1 is a global section, we can subtract multiples of t'^{t — l) from the numerator, and assume that 03 = 0. 
With this constraint, we obtain a 1-dimensional space of scictions. the generator of which will give us the 
parameter for the base of the Fibration 4. To ensure a unique choice of the generator, we scale x such that 
6=1. 

The next step is to obtain further conditions on the a^'s by looking at the order of vanishing of the section 
at various non-identity components (as prescribed above). For this purpose, we employ successive blow-ups 
at the singular points, and follow Tate's algorithm to obtain conditions. For example, at t = 0, the first 
blow-up maps a; M- te and y i—> ty, which ensures ag = for w to have a pole of order at most 1 at the 
near leaf of the fiber. Similarly, the second blow-up maps x 1-^ t'^x, which means ai = 0. At t = 00, we 
change coordinates, and define u= ^, such that u = 0. Thus, the original equation becomes 

y'^ =x^ + 2{u + u^)x^ + u^x 

and the section becomes 



w 



02 + 04-1- XV? 



l{l - u) 



Again, blowing-up once gives a^ — Q. At t = 1, we again change coordinates, setting u — t — 1, such that 
M = 0. Now, there is one extra step that needs to be taken care of. The singularity of the curve at t = 1 is at 
(1, 0). Hence, we map x ^ 1 + x to map shift the singularity to (0, 0). Thus, the original equation changes 
to 



and the section changes to 



y^ = x^ + 2{{u + if + \)x^ + {u^ ifx 
X + a2t^ x + a2{u + \Y 



w 



The first blow-up maps x i—^ 1 -I- ux, giving 02 = —1. Thus w = j^jzij, which means 



We now replace x by the above in the right side of the original equation, and simplify by absorbing square 
factors from the right into the t/^ term on the left. We get a quartic in t, with coefficients in F3('u;), which 
can be converted into the following Weierstrass form, using the recipe described in the Appendix. 



y'^ =x^ + {1^^ +t- l)a;2 - t{t - l){t + ifx + t''{t - lf{t + ly 



This fibration has MW -rank of 2. 



Position 


Kodaira-Neroii type 


t = 


Ai 


t = 1 


A7 


t = -l 


D5 


t = 00 


D5 



section type 



equation 



{t{t-i){t + iy,o) 



non-torsion 
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7. FiBRATiON 5: E-j,A2,D 



10 



We use a 2-neighbor step from Fibration 1, and explicitly compute the 2-dimensional space of sections of 
0{F), where F = ai+a2 + 2ao + 20 + 2co + 2c2 + 2c3 + 2c4 + 2c5 + ce + cy is the new Dxq fiber considered. 
The new section is 



w = 



ao + ait + a^t + a^t 



t2 



By blowing up at t = 0, we get ao = ai = 0. Similarly, subsequent blow-ups at f = oo give as = ai = 0. 
Thus, 

X 

Substituting x = wt^ in the original equation, dividing by suitable factors and converting the resulting 
quartic into the Weierstrass form, we get 



y 



t^x"^ + t^x 



Position 


Kodaira-Neron type 


t = 




t = 1 




i = -1 





The trivial lattice is of rank 2 + 7 + 2 + 10 = 21. Thus, the MW rank is 1. We also have a 2-torsion section 
given by (0, 0). The only non-torsion section is given by (1, 1). The height pairing formula requires that the 
height of the non-torsion section is 5/2, and it intersects the A2 fiber at the identity component, and the 
Dio fiber at the near leaf. 



section type 


equation 


2-torsion 


(0,0) 


non-torsion 


(1,1) 



8. Fibration 6: De,De,DQ 



We use a 2-neighbor construction from Fibration 5 and explicitly compute the 2-dimensional space of sections 

of 0{F). Here = fli + 03 + 2ao + 20 + feo + co, where oq is the identity component of the Diq fiber, and ai 
the near leaf, 60 is the identity component of the A2 fiber, and co that of the fiber. We reparametrized 
the original equation to get the Dio fiber at t = 0, the A2 a.t t = 1 and the Er a,t t = 00. The original 
equation now becomes 



y 



tx^ + t^x 



And the new section is 



w = 



ao + ait + a2t + a^t + x 



t^t-1) 

Consecutive blow-ups at f = give ao = cii = 0. Similar calculations at t = 00 give 04 = 0, and similarly 
the conditions on the degree of poles of the section at f = 1 demands that 02 = 1. Thus, 



w = 



which means 



x 



wt^{t-l)-t^ 



Replacing x by the above, and simplifying, we get the required Weierstrass equation 



Position 


Kodaira-Neron type 


t = 


De 


t = 1 




t = 00 





The MW^-rank of this surface is 2, and it has full 2-torsion, as given by the equations below. 
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section type 


equation 


2- torsion 


(0,0) 




{t^ +t^+t, 0) 




(^-^^o) 



9. FiBRATiON 7 : Ds,Ai,Ai,D8 



We use a 2-neighbor step from Fibration 6. We explicitly compute the 2-dimensional space of sections of the 
line bundle 0{F), where F = ai + as + 2a2 + 2ao + 20 + 2bo + 2b2 + bi + 63 is the new fiber we consider. 
Here, uq and 60 are the identity components of the Dq fibers at t = and t = I respectively. Whereas ai 
and bi are the near components, and a2,as,b2, 63 are the double components. 
The original equation is given by 

=X^+ t{l - f)x^ - f{t^ - 1)X 

and the new section by "o+ait+aat^^+aat^+x _ Blow-ups at t = force ao = ai = 0. Blow-ups at i = 1 give 
(12 = 013 = —1- Thus, 

t\t + iy 

. Substituting 

in the original equation, and simplifying as usual, we get 

y'^ =x^ + t{t^ + l)x'^ - t^{t + ifx + t^{t + if 
This can further be simplified to 



Position 


Kodaira-Neron type 


t = 




t = 1 


Ai 


t = -l 


Ai 


t = 00 


£>8 



The MW^-rank of this surface is 2, and it has full 2-torsion, given by the following equations. 



section Ivpc 


(x^uation 


2-torsion 


(0,0) 




H,o) 




(-^^o) 



10. Fibration 8 : Eq,D-j,A5 



We use a 2-neighbor construction from Fibration 4. We compute the space of sections of the line bundle 
0{F), where F = 20 + 3ao + 2ai + 2ar + 02 + 05 is the new Eq fiber we arc considering. Here uq is the 
identity component of the Aj fiber at t = 0, ai and ar are the near leaves, and 02 and are the components 
intersecting the near leaves. The original equation is 

y2 = 3.3 _ _ l)(i2 ^ ^ _ ^)^2 ^ _ ^^2^^ ^ -^^4^ ^ ^2^^ ^ ^^2^^ _ ^^4 

The new section is given by 

ao + ait + a2t'^ + a^t^ + x 

w^) 

At t = 0, the singularity is at x = —1. Hence, we translate x x — 1 and blow-up to get ao = 1. Replacing 
X by tx in the original equation, we are required to translate x ^ x — t. The second blow-up maps x i— > t'^x, 
and forces ai = 1 to give a pole of order 2. Similarly, after translating x x — t"^, the third blow-up gives 
a2 = 1. Thus, 

l + t + t"^ + a^t^ + X 



w = 
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At t = 1, we define u = t — 1, so that 

1 + (u + 1) + (u + 1)2 + asiu + l)^+x 
111 = 

1)3 

Since the singularity is at a; = 0, the first blow-up x M- ux, to give as = 0. Thus, 

x + t'^ + t+l 

w = 



x = wt^{t-l)-t^ - t-1 



whence 
Simplifying, as usual, 

y^ = X^+ tX^ - t^{t + ifx + t^{t + 1)'' 

(It further simplifies to x^ - tx^ + i^^ -f+ t^). 



Position 


Kodaira-Neron type 


i = 




t = -1 




t = oo 


Eq 



This fibration has MW^-rank 2. The non-torsion sections are given below. 



section type 


equation 


non-torsion 


(0,^3(^3 + 1)) 



11. Fibration 9 : A^,Aq,Dq 
We use a 2-neighbor construction on Fibration 1. The original equation is 

The new Dq fiber is given by = 20 + oo + &o + 2co + 2ci + C2 + C3, where the a^'s are the nodes from the 
All fiber, the hj's from the A2 fiber, and Cfe's are from D-j. The new section is given by °o+ait+a,^^+a4t +x 
At t = 0, we blow-up once, sending x i->- tx, and get ao = 0. For t = 00, we replace u = ^, to get 



w 



aiW^ + asu + a4, + X 



1*2(1 - u) 

The first blow-up, sending x ux, gives a pole of order 2 automatically. For the second blow-up, we need 
to translate x 1-^ x — u, to shift the singularity to (0,0). The second blow-up thus sends x 1— > u^x — u, and 
we get 04 = 0. The third blow-up doesn't need a translation, and sends x i-> u^x — u, to yield 03 = 1. A 
similar calculation at t = 1 shows that ai =03. Thus, 

x + t^ 

whence 

X = wt{t -l)-t^ -t 

Substituting the above in the original equation, and simplifying as usual, we get the following new equation 

=x^ + {t^ -t- l)a;2 -|- t^x 



Position 


Kodaira-Neron type 


i = 


^9 


t = 1 


A3 


t = 00 


£>6 



This configuration has MM^-rank 2, and has a 2-torsion section given by (0, 0) 



section type 


equation 


2-torsion 


(0,0) 
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12. FiBRATiON 10 : Er,D4,Er 
We use a 2-neighbor construction on Fibration 9. The original equation is 

y^=X^ + {t^^t^ 1)X^ + {t^ - + t)x - t^t - 1)4 

The original fibers are at t = (roots: ao, ai, • • • ), A3 aXt= 1 (roots: bo,bi,b2), and Dq eX t = 00 (roots: 
Co , ci , • • • ) . The new fiber is given hy F = 20 + 4ao + 3ai + 3a2 + 2a3 + 2a4 + 05 + 05 and the new section 



At i = 0, the singularity is at (0,0). Hence the blow-up maps x tx, which gives ao = 0. For the second 
blow-up we need to translate x to x + t. Thus, the blow up sends x i-> t'^x + t, giving ai = —1. The third 
blow-up does not require a translation, and maps x i->- t^x + t, which means 02 = 0. Similarly, we find 
04 = 0. Thus, 

X — t 



that is, 

X = wt^ + 1 

Substituting the above in the original equation, simplifying as usual, and transforming the resulting quartic 
into the Weierstrass form, we get the new equation 

y'^ = x^ + t'^{t + lfx 



Position 


Kodaira-Neron type 


t = 


E'j 


t = -1 


D4 


t = 00 


El 



This fibration has MW^-rank of 2 and a 2-torsion section 



section type 


equation 


2-torsion 


(0,0) 


non-torsion 


(t + l,i^ + l) 




{t'{t + l),-t%t' + 1)) 



Note that the second non-torsion section is the sum of the first non-torsion and the torsion section. 



13. Fibration 11 : ^15,^3 
We use a 2-neighbor construction on Fibration 7. The original equation is 

The original fibers are -Ds at < = (roots: ag, ai, • • • ), Dg at t = 00 (roots: 60, &i. &2). Ai at t = 1 (roots: 
Co, Ci, • • • ), and Ai aX t = —1 (roots: rfo. di. - ■ ■). The new ^15 fiber is given by F == O + P + ao + fli + as + 
a4 + as + ae + 07 + 60 + 61 + 63 + 64 + 65 + 66 + 67, where P is the 2-torsion section (0, 0). 
The new section is 

ao + a2t^ , y 

w = 1 

t xt 

The singularity at t = is at (0,0). The first blow-up sends x ^ tx and y ^ ty, giving a pole of order 1. 
Continuing this for both t = and t = 00, we get the new equation 

y^=x^ + {t^ + l)x^ + {t^ -l)x + t*-l 



Position 


Kodaira-Neron type 


t = 


^3 


t — 00 


Ai5 



This fibration has MM^-rank 2, and a 4-torsion section described below. 
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section type 


equation 


4- torsion 





14. FiBRATION 12 : Aii,Eq 



We use the 2-neighbor construction on fibration 11. The original equation is 

y'' = x^ + {t" + l)a;2 + t\l - t^)x + t\l - t^) 

The original fibers are Ai^ at t = (roots: ao, ai, • ■ • ), and ^3 at t = 00 (roots: bo, &i, &2, • • • )• The new Eq 
fiber is given by = 20 + 3ao + 2ai + 2a2 + 03 + 04 + 60, and the new section w = °o+ait+a2|"+a4t^+x 
The singularity at t = is (0, 0), and none of the first three blow-ups require a translation. Thus we get 
flo = ai = 02 = 0. At t = 00, we replace t by ^. We need to translate x x — 1. Thus, the first blow-up 
maps X i-^ ux,a, nd implies that 04 = 1. Thus, 



w 



x + t" 



whence 

Substituting the above in the original equation, simplifying and converting to the Weierstrass form, we get 



■ x^ + t^x + f 



Position 


Kodaira-Neron type 


t = Q 


All 


t = 00 





This fibration has MW^-rank 3, and a 3-torsion section, as given below. 



section type 


equation 


3-torsion 


(0,i-) 


non-torsion 


(^^^* + ^^) 











15. Fibration 13 : Dq,D\2 



We use the 2-neighbor construction on Fibration 11. The original equation is 

The original fibers are Ai^ at t = (roots: ao, ai, • ■ • ), A3 at f = oo (roots: h^, 61, 62, • ' • )• The new D% fiber 

is given by F = 20 -|- 2ao + ai + ai + 26o + &i + &2, and the new section is w = °o+ait+a3t^+a4t^+a: 

Like in the previous calculation at i = 0, ao = ai = 0. At t = 00, replace thy and translate x x — 1. the 

first blow-up x ^ ux gives 04 = 1, and the second blow-up (no translation needed) x ^ iP'x gives 03 = 0. 

Thus, 



w 



x + t^ 



Replacing 



x = wt^ - 



in the original equation, simplifying and converting to the Weierstrass equation, we get 

=x^ - {t^ + t)x^ + fx 



Position 


Kodaira-Neron type 


t = 


£'12 


t = 00 





This has MW-iank of 2. 
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section type 


equation 


2- torsion 


(0,0) 



16. FiBRATiON 14 : Ae,Ai2 



We use the 2-neighbor construction on Fibration 8. The original equation is 

The original fibers are Dr a.t t = Q (roots: ao. oi, • • • ), A5 at t = 1 (roots: 60, 61, 62, • • • )> a.t t = 00 

(roots: Co, ci, • • • ). The new A12 fiber is given by O + P + ao + ai + as + 04 + 05 + ae + 60 + &i + &2 + &3 + &4, 

where P is the section (p,t^{t + 1)). The new section is w = + b{t) ^l^^^ ■ Since we want a pole of 
order 1 at f = and also a.t t = 00, we get that deg(a(t)) = 2. Subtracting suitable multiples of t from the 
fraction, we get ai = 0. Also, deg{b{t)) = 0, and by rescaling, we can assume b = 1. Thus, 

ao + a2t^ y + t^{t+l) 
w = 1 

t xt 

As usual, blow-ups at i = and t = 00 gives both ao = 02 = 0. Thus, 

y + t^{t + l) 

w = 

tx 

that is, 

y = wtx - t^{t + 1) 

Substituting the above in the original equation, cancelling common factors, converting to the Weierstrass 
form and simplifying, we get 

y"^ =X^ + {t^ -t^ + l)x^ - t{t - ifx + 



Position 


Kodaira-Neron type 


i = 


A6 


t = 00 


A12 



This again has MW-vaxik 2. 



section i>i)e 


(^iuation 


non-torsion 


(0,t) 



17. Fibration 15 : An.E-j 



We use the 2-neighbor construction on Fibration 14. The original equation is 

The original fibers are A12 at t = (roots: ao, ai, • • • ), and Aq at t = 00 (roots: bo, bi, 62, • • • ). The new 
fiber is given by 20 + 4ao + 3ai + 3a2 + 2a3 + 2a4 + as + ae- The new section is w = «Q+«i«+«2t^+a3t='+x 
At i = 0, the singularity is already at (0, 0). Hence we do not need to translate, and can blow-up, sending 
X tx. This gives ao = 0. Similarly, subsequent blow-ups give ai = 02 = as = 0. Thus, 

X 



w = 



t" 



that is, 

X = wf^ 

Substituting the above in the original equation, dividing by suitable powers of t till we get a quartic in t, 
and then converting into Weierstrass form, we get 

y'^ =x^ + t)x^ + t^{l - t){l + tfx + t^{t^ +1^ + 1) 



Position 


Kodaira-Neron type 


t = 


All 


t — QO 


E7 



This has MW-iank 1. The non-torsion section is described below. 
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section type 


equation 


non-torsion 





18. FiBRATION 16 : ^45,^5,^5,1)4 

We use the 2-neighbor construction on Fibration 4. The original equation is 

y2 = a.3 _ (^3 + ^ _ 1)^2 ^ ^3(1 _ ^2)^ ^ ^6(^ _ i)2 

The original fibers are ^7 at f = (roots: ao,ai,---), Ai at t = 1 (roots: bo,bi), D5 a,t t = —1 (roots: 
Co, ci, • • • ), and _D5 at i = 00 (roots: do, di, - ■ ■ ). The new D4 fiber is given by 20 + ao + bo + cq + do- The 
new section is w ^ "^"^ 

At t = 0, we blow-up once to get Oq = 0. At i = 1, we get ai + 02 + 04 = 0. Similarly, at f = — 1, we get 
— ai + a2 + 04 = 1. At t = 00, blowing-up once gives 04 = 0. Solving all of the above conditions, we get 
ai = 1,02 = —1- Thus, 

t-t'^ +x 

Substituting 

X = wt{t^ -l)+t^ -t 
in the original equation, we get, after simplifying, 

y^ = x^+x^- t\t^ - l)x + t\t - l)\t + If 



Position 


Kodaira-Neron type 


t ^ 




t = 1 


A5 


i = -1 




t = 00 





This fibration has MW^-rank 1. The non-torsion section is given below. 



section type equation 



non-torsion (0, i^(t^ - 1)) 



19. Fibration 17 : ^8,^2, As 

We use the 2-neighbor construction on Fibration 16. The original equation is 

y^ = x^+x'- t^if" - l)x + t\t - lf{t + 1)2 

The original fibers are Ac, at t = (roots: ao, ai, • • • ), A^ at i = 1 (roots: 60, 5i, • • • ), A5 at i = — 1 (roots: 
Co, ci, • • • ), and D4 at f = 00 (roots: do,di,- ■ • ). The new A^ fiber is given by 0+P+ao+ai + - ■ •+bo+bi + - • ■ , 
where P = {Q,t^{t'^ - 1)) is a non-zero section. The new section is «; = + ^tfct-i")^^ ■ At t = 0, we 

choose the branch of A^, fiber such that f = 1- Thus, oq = 1. Similarly, at t = 1, we replace f by u -|- 1, and 
follow the same logic to get a\ = 0. Thus, 

t{t - 1) xt{t - 1) 

whereby 

y = wtx{t -l)+x- t^{t^ - 1) 

We substitute the above in the original equation, and follow the method described in the Appendix, followed 
by renaming of variables, dividing by suitable squares of polynomials in t, and then converting to the 

Weierstrass form to get 

y'^=x^ + {t + 1)V - t\t + lf{t - l)x + t\t + if 



18 



TATHAGATA SENGUPTA 



Position 


Kodaira-Neron type 


t = 


As 


t = -l 


A2 


t = 00 


As 



This has MM^-rank 2. 



section type 


equation 


non-torsion 





20. FIBRATION 18 : DiQ,Es 



We do a 2-neighbor construction on Fibration 15. The original equation is 

=x^ + t)x^ +t^{l- t){l + tfx + f^it^ + 1) 
The original fibers are An at t = (roots: ao, ai, • ■ • ), E-j at t = 00 (roots: 60, 61, ■ • ■ ). The new Eg, fiber is 
given by F = 20 + ao + 3&o + 4&i + 663 + 663 + 3&4 + 465 + 266- The new section is iv = "+°-*"+^ 
By blowing-up once at t = 0, we get ag = 0. Ki t = 00, we replace t by i as usual, and use subsequent 
blow-ups to get 02 = —1, as = 0, and 04 = 0. Thus, 

-t'^ + x 

w = 

t 

that is, 

a; = -I- 

Substituting the above in the original equation, dividing by suitable powers of t, and converting the resulting 
quartic into its Weierstrass form, we get 



This fibration has MW^-rank 2. 



x^ - tx^ + 



Position 


Kodaira-Neron type 


t = 


£'10 


t = 00 


Es 



section type equation 



non-torsion (i"*, t^) 



21. Fibration 19 : Aq,Aq 



We use the 2-neighbor construction on Fibration 5. The original equation is 

y'^ = x^ - t^x^ + t^x 

The original fibers are Er at t = (roots: oo,oi,---), A2 at t = 1 (roots: 6o,&i,&2), and Dio at f = 00 
(roots: Co, ci, • • ■ ). The new Ag fiber is given by F = O -|- P -|- ao -|- ai -|- 02 -|- • ■ • -|- 60, where P = (0, 0) is 
the 2-torsion section. The new section is w = ""^i^^l^ + xt(^-i) 

Following the usual procedure of blowing up at f = and f = 1, we get both ao = ai = 0. Thus, 



xt(t - 1) 

which means 

y = wt{t — l)x 

Substituting the above in the original equation, dividing by suitable powers of polynomials of t, and renaming 
variables, we get 



y^=X^ + {t^ + l)x^-t\e-l)x + t^ 
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Position 


Kodaira-Neron type 


t = 


As 


t = oo 


A9 



This fibration has MW-vank 2. It also has a 5-torsion section described below. 



section type 


equation 


5-torsion 




non-torsion 


{—l,it) (defined over Fg) 



22. Fibration 20 : ^2,^17 



We use the 2-neighbor construction on Fibration 5. The original equation is 

The original fibers are i?7 at t = (roots: ao,ai,---), A2 aX t = 1 (roots: 6o,&i,&2), and -Dio at t = 00 
(roots: Co, ci, • • • ). The new An fiber is given by O + P + ao + ai + • • • + co + ci + • • • , where P = (0, 0) is 
the 2-torsion section. The new section ]s w = + ^ . Following the usual procedure of blowing up at 

t = Q and t = 00, we get both ao = oi = 0. Thus, 

y 

w = — 
xt 

which means 

y = wtx 

Substituting the above in the original equation, completing squares, and dividing by suitable powers of 
polynomials of t, and renaming variables, we get 



y'^ =x^+ t^x'^ +t'^x + l 



Position 


Kodaira-Neron type 


t = 




t = 00 


An 



This fibration has MW^-rank of 1. There is a 3-torsion section described below. 



section type 


equation 


3-torsion 


(0,1) 


non-torsion 





23. Fibration 21 : A7,A7,Ai,Ai,Ai,Ai 



We use the 2-neighbor construction on the Fibration 2. The original equation is 

y^^x"" -t^{t-lf{t+lf 

The original fibers are D4 at t = (roots: ao,ai, ■ ■ ■ ), D4 at t = 1 (roots: 60,^1,^2), D4 at t = —1 (roots: 
Co, ci, • • • ), and 1)4 at t = 00 (roots: do,di, - ■ ■ ). The new A^ fiber is given by 0-|-P-|-ao-|- 01-1-02-1-^0+^1+^2, 
where P = (0, 0) is the 2-torsion section. The new section is w = ""^"'^^ + ^. Thus, y = [wt — oq — a2t'^)x. 
Following the usual procedure of blowing up at t = and t = 00, we get both oq = ai = 0. Thus, 

y 

w = — 
xt 

which means 

y = wtx 

Substituting the above in the original equation, dividing by suitable powers of polynomials of t, renaming 
variables, and converting into Weierstrass form, we get 



y^=X^ + {t^ + l)x^ -x-{t^ + l) 
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JrOblllUil 


-Lvucidii ci-iM ci uii type 


t = 




t = 1 


A 

A\ 


t = -l 


Ax 


t = i 


Ax 


t = -i 


Ax 


t = 00 





This has MVF-rank rank 2, and full 2-torsion . 



section type 


equation 


2-torsion 


(1,0) 




(-1,0) 




(-t*-l,0) 



24. FiBRATlON 22 : An, ^2, ^2, -D4 
We use the 2-neighbor construction on Fibration 21. The original equation is 

The original fibers are Ay at t = (roots: ao, ai, • ■ • ), A^ at t = 00 (roots: 60, ^1, ^2), Ai at t = 1 (roots: 
Co,Ci),j4i at t = — 1 (roots: rfo,<^i), Ai at t = i (roots: eo,ei), Ai at t = — i (roots: /o,/i)- The new £>4 
fiber is given by F = 20 + ao + 60 + cq + do- The new section is w = ■ 
Blowing-up at f = 0, we get ao = 0. At f = 1, we replace f by u -f- 1, and shift a; to a; — 1 (so that the 
singularity is at (0, 0)), and then blow-up, to get ai -|- 02 -|- 04 = 1. At f = —1, we replace f by u — 1, shift 
a; to .T — 1, and blow-up to get — ai -|- 02 -|- 04 = 1. At t = 00, blowing-up gives 04 = 0. Solving the above 
equations, we get 

ai = 0, a2 = 1, a4 = 

Thus, 

"=^(^ 

Substituting 

in the original equation, dividing by suitable powers of polynomials of t, renaming variables, and converting 
into Weierstrass form, we get 



Position 


Kodaira-Neron type 


t = 


-111 


t = i 


A2 


t = -i 


A2 


t = 00 





This has MW^-rank 1, and also a 4-torsion section. 



section type 


equation 


4-torsion 


{it^,it'^) (defined over Fg) 


non-torsion 


(^^^^) 
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25. FiBRATiON 23 : Dq,As,As,Dq 



We use the 2-neighbor construction on Fibration 21. The original equation is 

The original fibers are A-j aX t = Q (roots: oo, ai, • • • ), A^ &t t = oo (roots: &o, ^2), ^1 at t = 1 (roots: 
co,ci),Ai at t = — 1 (roots: dQ,d\), Ai BX,t = i (roots: eo,ei), and A\ BX,t= — i (roots: /o, /i). The new Dq 
fiber is given by 20 + 2ao + ai + a2+ 26o + 61+62. The new section is w = «o+°i'+°3r +aiL +x ^ Blowing-up 
at t = 0, we get = Q = a^. At t = 00, blowing-up, after the usual change of variables, gives 03 = 04 = 0. 
Thus, 

X 

Substituting 

X = wt^ 

in the original equation, dividing by suitable powers of polynomials of t, renaming variables, and converting 
into Weierstrass form, we get 



y2 = a;3 + t{e + l)x' - t^x - t^f + 1) 



Position 


Kodaira-Neron type 


t = 


De 


t = 1 


A3 


t = -l 


A3 


t = 00 





This has MW^-rank of 2, and full 2-torsion. 



s(X-liou (v pc 


(Xiuutioii 


2-torsion 













26. Fibration 24 : D^,D^,Dr, 



We use the 2-neighbor construction on Fibration 21. The original equation is 

The original fibers are Ay at t = (roots: ao,ai,---)) ^7 at i = 00 (roots: 60561,62), Ai sX t = 1 (roots: 
Co, ci),Ai at i = — 1 (roots: rfo, (ii), Ai at t = z (roots: 60, ei), and ^1 at t = — / (roots: /q, /i). The new 2)5 
fiber is given by 20 + 2ao + ai + 02 + cq + do. The new section is w; = "o+«i'+|'^'^+"3r'+x _ 
Like in the previous case, blowing-up at f = gives ao = = ai. Blowing-up at t = 1 gives 02 + 03 = 1, and 
blowing up at f = —1 gives 02 — 03 = 1. Solving which, we get 02 = 1, 03 = 0. Thus, 



w 



+x 



t^{f^ - 1) 
Substituting 

x = wt^{t^ 

in the original equation, dividing by suitable powers of polynomials of t, renaming variables, and converting 
into Weierstrass form, we get 



y-^ = x'^Jr{t- t^)x'^ - t*{t + l)x + 



Position 


Kodaira-Neron type 


t = 


Ds 


t = -1 


D5 


t = 00 


D5 
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This has MW-i&nk of 2. 



section type 


equation 


2-torsion 


(^^o) 


non-torsion 


(0,t^) 




(t^ - 1, -t^ + - 1-^) 



27. FiBRATlON 25 : ^44, D5, Ai, Ai, 

We use the 2-neighbor construction on Fibration 21. The original equation is 

y^ = x^ + {t" + l)x^ + t^x 

The original fibers are ^7 at t = (roots: oq, ai, • • • ), A^ at t = 00 (roots: 60) ''i) ''2), at t = 1 (roots: 

co,ci),Ai at f = — 1 (roots: do.di), Ai at t = i (roots: eo,ei), and at t = —i (roots: /o,/i). The new 
A7 fiber is given by F = O + P + + ■ ■ ■ + co + ci- The new section is w = °(^t°i)* + xt{t-i) -Successive 
blowing-ups at t = and t — 1 give uq — 1 and ai — —1. Thus, 

1-t y 

w = 1 

t{t - 1) xt{t - 1) 

Substituting 

y = {wt{t -l)-l+t)x 

in the original equation, dividing by suitable powers of polynomials of t, renaming variables, and converting 
into Weierstrass form, we get 

y2 = + (^4 ^ ^3 + 1)^2 ^ _ i)4(^ ^ i)(^2 ^ ^ _ i)4(^ ^ i)2(^2 ^ i)2 

which simplifies to 

y^=x' + (t^ + + 1).t2 - (f4 + _ ^2 ^ ^ ^ 



Position 


Kodaira-Ncron type 


i = 


D5 


i = -1 


Ai 


t = i 


Ai 




Ai 


t = 00 


Ar 



This has MVF-rank of 2. 



section type 


equation 


2-torsion 


(0,0) 



28. Fibration 26 : A5,Er,Dr 

We use the 2-neighbor construction on Fibration 23. The original equation is 

y2 ^ + tif + \)x' - t^x - t^it" + 1) 

The original fibers are at < = (roots: ao, ai, • • • ), A3 at t = 1 (roots: 60, 61, 62, ^3), A3 at i = —1 (roots: 
Co, ci, C2, C3),£)6 at f = oc (roots: do, di, • • • ). The new D7 fiber is given by ai+a3+2a2+2ao+20+26o+6i+62. 

The new section is W = ao+a^t+a^t'+a^.e+x ^ 

Successive blowing-ups at t = give = a\ = 0. Blowing-up at t = 1 after the usual change of variables 
u = t — 1, and translating x ^ x -\- 1, gives 02 + 03 = —1. Blowing-up again, after translating x ^ x — u 
gives 02 = —1. Hence, 03 = 0. Thus, 

x-t^ 

ID = 

Substituting 

X = Wt^{t - 1)2 +^2 

in the original equation, dividing by suitable powers of polynomials of t, and renaming variables, we get 
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Position 


Kodaira-Neron type 


t = 




t = 1 


As 


t = 00 


£>7 



This has MW-vank 1. We describe the non-torsion section below. 



section type 


equation 


non-torsion 





29. FiBRATiON 27 : A^,Ar„D'j 



We use the 2-neighbor construction on Fibration 26. The original equation is 

The original fibers are ^5 at i = (roots: oo, ai, • • ■ ), £^7 at t = 1 (roots: 60, • " ' ): ^7 at t = 00 (roots: 
Co, ci, • • • ). The new fiber is given by 20 + 2ao -|- ai -|- 02 + 2co + ci -|- 2c2 + C3. The new section is 



w 

Successive blowing-ups at f = give ao = oi = 0. Similarly, blowing up at t = 00 gives 03 = 04 = 0. Thus, 

X 



w ■ 



Substituting 



X = wt 



in the original equation, dividing by suitable powers of polynomials of t, renaming variables, we get 



y'^ + {t^ + l)x'^ - {t^ - l)x 



Position 


Kodaira-Neron type 


t = 


A, 


/, = 1 


A:, 


t = 00 


D7 



This has a MW-iank of 3. It also has full 2 torsion. 



section type 


equation 


2-torsion 


(0,0) 




(1,0) 




(l-^^o) 



30. Fibration 28 : ^5,^14 

We use the 2-neighbor construction on Fibration 22. The original equation is 

y^ = x^ + x^- {t^ + t^)x - t\t^ -f-l) 

The original fibers are An at t = (roots: ao,ai,---), D4, at t = oo (roots: 60, ^'i, &2, &3, 64), at f = 1 
(roots: Co, ci, C2), and A2 at t = — 1 (roots: do,di,d2). The new ^14 fiber is given by O + P+aoH I-cq + ci, 

where P = (0, t^{t^ — 1)) is a non-zero section. The new section is w = "'^ t(t-i) ' ' Successive blowing- 
ups at i = and t = 1 give ao = 1 and ai = 0. Thus, 

t{t - 1) xt{t - 1) 

Substituting 

y = {wt{t - 1) - l)x - t'^{t^ - 1) 
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in the original equation, dividing by suitable powers of polynomials in t, renaming variables, and converting 
into Weierstrass form, we get 



y^=X^ + (t^ + l){t - l)x^ - f{t - Ifx - t'^if + 1) 



Position 


Kodaira-Neron type 


i = 


^5 


t = QO 





This has MM^-rank 1. 



31. FiBRATiON 29 : A^,A^,DiQ 

We use the 2-neighbor construction on Fibration 22. The original equation is 

= + _ {f + t')x - t^{t^ -t^-1) 

The original fibers are An at t = (roots: ao, ai, • • • ), D4 a,t t = (x> (roots: bo, ^2, &3, ^'4), ^2 at f = 1 
(roots: Co, ci, C2), and A2 at t = — 1 (roots: do,di,d2). The new A5 fiber is given by O + P + cq + Ci + do + tii , 
where P = (0,t^(t^ — 1)) is a non-zero section. The new section is w = + ^^jqij^^^z^- 

Successive blowing-ups at t = and t = 1 give ao = 1 and ai = 0. Thus, 



(i + l)(i-l) x{t + l){t-l) 
Substituting 

y = {w{t + l){t - 1) - l)a; - t^{t'^ - 1) 

in the original equation, dividing by suitable powers of polynomials in t, renaming variables, and converting 
into Weierstrass form, we get 



y^ = x^ + it'' + l){t - l)x^ - t'^it - i fx - t%f - 1) 



Position 


Kodaira-Neron type 


t = 




t = l 




t = 00 





The trivial lattice for this fibration is of rank 22, hence the MW^-rank is 0. We also have full 2-torsion 
(descriptions given below). The absolute discriminant of the trivial lattice is 6 • 6 • 4 = 144. Then since we 
have full 2-torsion, we find, from the Shioda-Tate formula that the full lattice is indeed the full NS {X),s\n.ce 
it has absolute discriminant 3^, and signature (1,21). 



section type 


equation 


2-torsion 


(^4-^^o) 








(-t* + f^-t + l,0) 



32. Fibration 30 : ^3,^9,^6 

We use the 2-neighbor construction on Fibration 22. The original equation is 

2/2 = + _ {f + t')x - t^{t^ -t^-1) 

The original fibers are An at t = (roots: ao,ffli,---), D4 at t = oc (roots: 60, &i, 62, ^3, ^4), A2 ai t = 1 
(roots: Co, ci, C2), and ^2 at t = —1 (roots: do, di, ^2)- The new Aq fiber is given by O-l-P-l-Co+Ci-l-60+61+62, 
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where P = {Q^t^it^ - 1)) is a non-zero section. The new section \sw= °°+_°^"*' + ^+^1^^^^ 
Successive blowing-ups at t = 1 and t = oo give ao = 1 and ai = 0. Thus, 

t-1 x{t-l) 

Substituting 

y = {w{t - 1) - l)x - t^{t^ - 1) 

in the original equation, dividing by suitable powers of polynomials in t, renaming variables, and converting 
into Weierstrass form, we get 



= + (r + i - l)x^ + t\f^ + + l)x + t'^{t - 1) 



Position 


Kodaira-Neron type 


t = 




t = 1 


-I9 


t = oo 





This has MW-rank 2. 



section type equation 



non-torsion {Q,t (t — 1 ) ) 



33. FiBRATION 31 : Dq,Ai2 



We use the 2-neighbor construction on Fibration 24. The original equation is 

y^ = x^ + {t^ - t^)x^ - t\t + l)x + 

The original fibers are -D5 at f = (roots: ao, ai, • ■ • ), ai t = —1 (roots: 60, 61, • • • 
(roots: Co, Ci, • • • ). The new Ax2 fiber is given by F = O + P + ao + ai H hco +Ci + • • 



, and sX t = 00 
■ , where P = {Q,t^) 



is a non-zero section. The new section is w 



ao+a^t I y+t 
t ~'~ xt ' 

Successive blowing-ups at t = and t = 00 give ao = and 02 = 0. Thus, 



w = 



tx 



Substituting 



y = wtx — t 



in the original equation, dividing by suitable powers of polynomials in t, renaming variables, and converting 
into Weierstrass form, we get 



y2 ^ + {f^ + + t)x^ + {-f* + +t)x + t^ -t^ ~f +t-l 



Position 


Kodaira-Neron type 


t = 




t = 00 


A12 



This has MW -rank 2. 



34. Fibration 32 : ^5,^2,^5,^5 

We use the 2-neighbor construction on Fibration 25. The original equation is 

y^ = x^ + {t^ -t^+ t)x'' + t\t - l){t' -t-l)x + t\t - Ifit" -t-lf 

The original fibers are D5 at t = (roots: oq, Oi, • • • ), ^4 at t = 1 (roots: 60, 61, • • • ), ^7 at f = 00 (roots: 

Co, ci, • • • ), ^1 at t = i — 1 (roots: do, ^i), and Ai at t = —i — 1 (roots: eo, ci). The new ^5 fiber is given by 
F = O + P + ho + h\+ Cq + c\, where P = (0, t^{t — l){t^ —t—1)) is a non-zero section. The new section is 
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^ - t-1 • 

Successive blowing-ups at t = 1 and t = oo give 

ao = and 02 = —1 

. Thus, 

^ t-1 x{t-l) 

Substituting the above in the original equation, dividing by suitable powers of polynomials in t, renaming 
variables, and converting into Weierstrass form, we get 



Position 


Kodaira-Neron type 


i = 


As 


t = 1 


A5 


t = -1 


A5 


t = 00 


A2 



This fibration has MM^-rank 3. 



section type 


equation 


non-torsion 


{-t - I, it) 




{t\{t-i)t\t + iY) 



35. Fibration 33 : A^,Di,Ee 

We use the 2-neighbor construction on Fibration 29. The original equation is 

y-^ =x^ + {t'^ +t^ - t + l)x'^ + {t^ -t^ - t)x + t^ + t^ +t^ + t^ 

The original fibers are Ag at i = (roots: ao,ai, • • •), Aq aX t — 1 (roots: bo,bi, • • •), and A3 at t = 00 
(roots: Co, Ci, C2, C3). The new Eq fiber is given by -F = 20 + 3ao + 2ai + 2a2 +ag + as + bo. The new section 
is w = "o+ait+02| +ait +x _ Successive blowing-ups at t = give ao = 0, ai = 1, 02 = -1 and blowing up at 
t = 1 gives 04 = 0. Thus 

t-t'^ +x 
^ = ^^ 

Substituting 

x = wt^ +t'^ -t 

in the original equation, dividing by suitable powers of polynomials in t, renaming variables, and converting 
into Weierstrass form, we get 



y^=x^ + {t + l)a;2 - (f5 + t'')x + t^ 



Position 


Kodaira-Neron type 


t = 


^8 


t = -1 


Di 


t = oc 





This fibration has MW^-rank 2. 



section type 


equation 


non-torsion 


{o,t-) 
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36. FiBRATiON 34 : Ag, A2, A^, 
We use the 2-neighbor construction on Fibration 31. The original equation is 

The original fibers are a.t t = (roots: ao, ai, • • • ), A12 at i = cxd (roots: 60) ^1, • • • )• The new fiber is 
given by 20 + 2ao + 2ai + 02 + as + 2bo + 61 + 62. The new section is w = "Q+«i*+«|f +«4t^+^ ^ Successive 
blowing-ups at f = give ao = 0, ai = and blowing up at t = 00 gives 03 = a4 = 0. Thus 



Substituting 



X 



X = wt^ 



in the original equation, dividing by suitable powers of polynomials in t, renaming variables, and converting 
into Weierstrass form, we get 



This has MH^-rank 1. 



x^ + {t^ + l)x^ + t^x + 



Position 


Kodaira-Neron type 


t = 


^8 


t = -l-i 


A2 


t = -l + i 


A2 


t = 00 


D7 



section type equation 



non-torsion {—l,t^) 



37. Fibration 35 : Dq,Dq 
We use the 2-neighbor construction on Fibration 31. The original equation is 

y^ = x^ + {t* + t^ + t)x^ - {t^ + e)x + t^-t^ 

The original fibers arc Dg at t = (roots: ao, ai, • • • ), and A12 at f = 00 (roots: bo,bi,- ■ ■). The new Dg fiber 
is given by 20 + 2ao + 2a2 + 2a3 + 2a4 + ag + ae + 2bo + bi+ 612. The new section is w = O'O+ait+asf+uit^+x ^ 
Successive blowing-ups at t = give ao = 0, ai = and blowing up at t = 00 gives as = 1, a4 = 0. Thus 



t^+x 



Substituting 

x = wt^ - 

in the original equation, dividing by suitable powers of polynomials in t, renaming variables, and converting 
into Weierstrass form, we get 



y2 = + (f^ + t)x^ + (^6 _ ^5^^ ^ ^i 



Position 


Kodaira-Neron type 


t = 




t = 00 





This has MM^-rank 2. 



section type 


equation 


non-torsion 


(0,t*) 
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38. FiBRATiON 36 : -DiSi-^e 
We use the 2-neighbor construction on Fibration 34. The original equation is 

The original fibers arc Dg at t = (roots: ao, oi, • • • ), and Dg a.t t = oo (roots: bo,bi, ■ ■ ■). The new D13 
fiber is given by 20 + 2ao + 2ai + 20,3 + • • • + 26o + 26i + 62 + h,. The new section is u; = '^o+ait+asf+a^f'+x ^ 
Successive blowing-ups at t — Q and t = 00 give ao = ai = 03 = 04 = 0. Thus 

X 



Substituting 



x = wt'^ - 



in the original equation, dividing by suitable powers of polynomials in t, renaming variables, and converting 
into Weierstrass form, we get 



This has MW-iank of 1. 



y'^ =x^ - tx^ + 



Position 


Kodiiira-Noroii type 


t = 




t = 00 





section type equation 



non-torsion 



39. Fibration 37 : Dis 
We use the 2-neighbor construction on Fibration 35. The original equation is 

y2 = a;3 + (i3+ V + + 

The original fibers are Dg at t = Q (roots: oq, ai, • • • ), .Dg at f = 00 (roots: 60, 61, • • • ). The new Dig fiber is 
given by F = 20 -I- 2ao + 2ai + 203 + • • • + 26o -l- 26i -|- 263 -|- • • • . The new section \sw= <^o+ait+a^^+a^t''+x _ 
Successive blowing-ups at t = Q and t = 00 give ao = ^^is = 04 = 0, ai = 1. Thus 

X 

Substituting 

x = wt^ - 

in the original equation, dividing by suitable powers of polynomials in t, renaming variables, and converting 
into Weierstrass form, we get 



y2 = - (i* + + t)x^ + {f + t^)x + 1'^ - t 



Position 


Kodaira-Neron type 


t = 


D18 



This again has MM^-rank 2. 
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40. Fibration 38 : Ee,Ee,E8 

We use the 2-neighbor construction on Fibration 24. The original equation is 

= + {-t^ + t)x^ - t'^it + l)x + 

The original fibers are &i t = Q (roots: ao, Oi, • • • ), D5 at < = —1 (roots: 60, 61, ■ • • ), and D5 at t = 00 
(roots: Co, ci, • • ■ ). The new fiber is given by F = 20 -|- 4ao + 3ai -|- 602 + 603 -|- Aa^ + 805 -|- 2a6 + 07. 

The new section is W = ao+ait+a^t^+aat^+o. _ 

Successive blowing-ups at give oq = ai = 02 = 03 = 0. Thus 

x 

¥ 



X 

W = —r 



Substituting 



X = wt^ 



in the original equation, dividing by suitable powers of polynomials in t, renaming variables, and converting 
into Weierstrass form, we get 



Position 


Kodaira-Neron type 


t = 00 


Es 




Eq 




Eq 



This pseudo-elliptic fibration has MW-rank 0, since the trivial lattice is already of rank 22. The absolute 
discriminant of the trivial lattice is already 3^. Thus, the trivial lattice is itself the full NS{X), with signature 
(1,21) and the prescribed absolute discriminant 3^. 



41. Fibration 39 : Ag,Dg 

We use the 2-neighbor construction on Fibration 1. The original equation is 

y'^ = x^ - {t^ + l)x^ +fx 

The original fibers are An at t = (roots: ao,ai,- • ■), A2 at t = 1 (roots: 60,^1,^2), and D7 at f = cxd 
(roots: Co, ci, • ■ • ). The new Dg fiber is given by F = 20 + ao + bo + a2 + 2co + 2ci -|- 2c3 The new 

section is w = °"+°^*+°"_!'+°^*"+"' . 

Blowing-up at t = gives oq = 0. Blowing-up at t = 1 requires translating x a;-|-l, and gives 01-1-03-1-04 = 
— 1. Blowing-up at t = 00 gives as = 04 = 0. Thus, ai = —1. Thus 

X — t 

Substituting 

X = wt{t -l)+t 

in the original equation, dividing by suitable powers of polynomials in t, renaming variables, and converting 
into Weierstrass form, we get 



This has MW'-rank 2. 



+ (f3 _ t - 1)^2 + (f5 + ^3^^ + f7 _ ^6 



Position 


Kodaira-Neron type 


i = 


A9 


t = 00 


£>9 



section type 



equation 



non-torsion (defined over Fg) 
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42. FiBRATlON 40 : ^2, ^2, -Die 

We use the 2-neighbor construction on Fibration 5. The original equation is 

= - tx'^ + t^x 

The original fibers are Diq at i = (roots: ao,ai,---), A2 a.t t = 1 (roots: 60,61,62)) and a.t t = 00 
(roots: Co, Ci, ■ • ■ ). The new Diq fiber is given by F = 20 + 2ao + 2oi + 203 + ■ • ■ + 2co + 2ci + 2c3 + • ■ • . 

The new section is w = '^o+ait+asf+a^t^+x ^ 

Blowing-up at t = and t = 00 gives ao = 03 = 04 = 0, and ai = —1. Thus 

-t + x 



w ■ 



t2 



Substituting 

X = wt^ + t 

in the original equation, dividing by suitable powers of polynomials in renaming variables, and converting 
into Weierstrass form, we get 



+ [t^ + t)x^ + t^x 



Position 


Kodaira-Neron type 


t = 




t = 1 


A2 


t = QG 


A2 



Here the trivial lattice is of rank 22, hence the MM^-rank is 0. The absolute discriminant of the trivial lattice 
is 3 • 3 • 4. And the fibration has a clear 2-torsion section, (0, 0). Thus, the trivial lattice, together with the 
2-torsion section gives a lattice of signature (1,21) and absolute discriminant 3^. Hence it must be the full 

NS{X). 



section type 


equation 


2-torsion 


(0,0) 



43. Fibration 41 : A2, ^2, -42, ^2, ^2,^2,^42,^2,^2,^2 
The equation of this surface is due to Ito. 



The fibers are defined over the base P^(F9), with an A2 fiber at each point of the projective line. 



Position 


Kodaira-Neron type 


t = 


A2 


t = 1 


A2 


t = -l 


A2 


t = i 


A2 


t = l+i 


A2 


t = -l+i 


A2 


t = -i 


A2 


t = l-i 


A2 


t = -l-i 


A2 


t = 00 


A2 



For this pseudo-elliptic surface, the trivial lattice is already of rank 22, and of absolute discriminant 3^*^. 

The torsion group is of order 3^, as described below. Together, the trivial lattice and the 3-torsion sections 
account for a lattice of signature (1, 21) and absolute discriminant 3^. Hence this gives the full NS{X). 
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3- torsion 


[t ,t{t - 1)) 




/J.'2 4-/4.4 1 \ \ 

[t ,-tit - 1)) 




/ 4.2 4-/4-4 1 1 \ \ 

[-r,t(t^ + 1)) 




(-t , -t[t + I)) 



















44. Fibration 42 : £'4,^2,^2,^5,715 
We use the 2-neighbor construction on Fibration 40. The original equation is 

The original fibers are A2's at all the points of P^(F9). The new A5 fiber wc consider is _F = O + P + + 
Oi + ^'o + ^'i , where ao and 60 are the identity components of the fibers at t = and t — \ respectively, a\ 
and hi are non-identity components of the same, and P is the 3-torsion section (i^, —t{t'^ — 1)). Our new 
section isw=^+ 

Blowing-up successively at f = and t = 1 gives ao = a\ = 0. Substituting the same in the above definition 
of w, and replacing 

y = wt{t - l){x - t^) - t{t^ - 1) 

in the original equation, converting to the Weierstrass form after completing squares, renaming variables, 
and then simplifying, we get 

?/2 = + (t^ + 1).t2 + {t^ - f)x 



Position 


Kodaira-Neron type 


t = 




t = 1 


Ar, 


t = -l-i 


A2 


t^-l + i 


A2 


t = 00 





This has MW^-rank 2. This also has a 2-torsion section, which does not come from a 4-torsion section. 



section type 


equation 


2-torsion 


(0,0) 


non-torsion 





45. Fibration 43 : Ai,Ai,D5,Dr, 

We use the 2-neighbor construction on Fibration 41. The original equation is 

y2 ^ + (t^ + l)a;2 + {t^ - f)x 

The original fibers are ^5 at t = (Roots: ao, ai, • • • ), A^ at t = 1 (Roots: 60, b\, - ■ ■ ), A2 bX t = —i — 1, A2 
&tt= + and D4 at t = 00. The new £'5 fiber we consider is F = O -|- 2ao + a\+a5 + bo, where ao and 
bo are the identity components of the fibers at t = and t ~ 1 respectively, aj's are non-identity components 
of the i = fiber. Our new section is w = ''^o+ait+a2t^+a4t^+x ^ 
Blowing-up successively at i = and t = 1 gives uq = ai = (12 — a4 = 0. Thus, 

Substituting 

x = wt^{t - 1) 
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in the original equation, converting to the Weierstrass form after completing squares, renaming variables, 
and then simplifying, we get 



Position 


Kodaira-Neron type 


t = 


D5 


t = l + i 


Ai 




A4 


t = oo 


D5 



This has MM^-rank 2. 



section type 


equation 


non-torsion 


{0,t'{t' +t~l)) 




{t^ + t-l,t{t+l){t^ + t-l)) 



46. FiBRATiON 44 : A3, A3, A3, A3, A3, A3 

We use the 2-neighbor construction on Fibration 41. The original equation is 

=x^ + {t^ + l)x^ + {t^ - t^)x 

The original fibers are A^ at t — 0, A^ a.t t — 1, A2 a,t t — ~i ~ 1 (Roots: cg, ci, C2), ^2 at i = — i + 1 (Roots: 
dQ,di,d2), and D4 at f = 00. The new A3 fiber we consider is F = O + P + cq + do, where cq and do are 
the identity components of the fibers at t — ~i ~ I and < = i — 1 respectively, and P is the 2-torsion section 
(0,0). Our new section is w = + ^(t2^t-i) - 

Blowing-up successively at t = and t = 1 gives uq ^ ai — 0. Thus, 

x{t^-t-l) 

Substituting 

y = wx{t^ — < — 1) 

in the original equation, converting to the Weierstrass form after completing squares, renaming variables, 
and then simplifying, we get 

y2 = _ (^4 _j_ -^^^2 _,_ 2; _|. _ 



Position 


Kodaira-Neron type 


t = 


^3 


t = 1 


A3 


t = -1 


A3 


t = i 


A3 


t = -i 


A3 


t = 00 


A3 



This has MM^-rank 2. 



section type 


equation 


non-torsion 


it' At' -I)) 



47. Fibration 45 : Aig 

This was calculated by Schuett in [Sc] 

y' = x^ + (i'* + + l)a;2 + {-t^ - t'' + t)x + t'' + t + I 
is the supersingular K3 with an Ais fiber. 



Position 


Kodaira-Neron type 


t = 00 


Ais 



ELLIPTIC FIBRATIONS ON SUPERSINGULAR K3 SURFACE WITH ARTIN INVARIANT 1 IN CHARACTERISTIC 3 33 

This has MW-iank 2. 



section type equation 



(0,i-l) 



48. FiBRATlON 46 : ^5,^5,^3 



We use the 2-neighbor construction on Fibration 41. The original equation is 

The original fibers are ai t = 0, aX t = 1, A2 at t = —i — 1 (Roots: co,ci,C2), A2 at t = —i + 1 
(Roots: do^di^d^), and D4 at f = 00 (Roots: 60,61,62,63,64). The new Ag fiber we consider is = 
O + ao + ai + a2 + 03 + P + 60 + 61 + 62, where ao and 60 are the identity components of the fibers att = Q 
and t = 00 respectively, and P is the 2-torsion section (0, 0). Our new section is w = + ^. Our new 

section is w = S2±iii* + 

t xt 

Blowing-up successively at i = and t = oo gives ao = 1, ai = 0. Thus, 

1 ^ y 

w = — I 

t xt 

Substituting in the original equation, converting to the Weierstrass form after completing squares, renaming 
variables, and then simpliiying, we get 



y 



: x^ + {f^ + t)x^ -t^x^-f-t^-l 



Position 


Kodaira-Neron type 


t = i + l 


Ar, 


t = -i + l 


Ar, 


t = oo 


As 



This has MW-rank 2. 



49. Fibration 47 : A4, A4, Ai, A4, Ai, Ai 
We use the 2-neighbor construction on Fibration 43. The original equation is 

y2 = _ (^4 ^ ^ (^4 _ + ^8 ^ ^4 ^ ^ 

The original fibers are ^3*8 at t — 0, t — I, t — —1, t = i, t = —i and at t = 00. The new A^ fiber wc 
consider is F = O + P + ao + bo + bi, where ao and 60 are the identity components of the fibers at t = 
and t = 1 respectively, hi is a non-identity fiber at t = 1, and P is the section (0, — 1). Our new section is 

_ ao+ait I y+t^-1 
~ t(t-l) ^ xt{t-l) ■ 

Blowing-up successively at t = and t = 1 gives ao = ai = 1. Thus, 

_ l + t y + t^ -1 
t{t-l)^ xt{t - 1) 

Substituting in the original equation, converting to the Weierstrass form after completing squares, renaming 
variables, and then simplifying, we get 

y^=x^ + i-t" + t^-t-l)x^ + {f -f+ t^)x - -t^ + t^-f -t^-t^ 



Posiliou 


Kodairu-Ncrou type 


t = i 


Ai 


t = -i 


Ai 


t = 


Aa 


t = i + l 


Aa 


t = + 1 


Aa 


t = CO 


Aa 



This has MVF-rank 2. 
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50. FiBRATiON 48 : A2,A2,Es,Es 
We use the 3- neighbor construction on the fiber configuration E^, Eq, E^. The original equation is 

The original fibers are Eq at t = (Roots: Po,Pi,P2,P3,P4,P5,P6 where Po^PAiPe are the simple components 
and p2 is the component with multiplicity 3), Eq at t = oo (Roots: qo, qi, q2, qa, 54, 95, qe where qo, q4, qe are 
the simple components and 52 is the component with multiplicity 3), Es at t = 1 (Roots: ro, ri, r2, . . . ). 
The new Es fiber we consider is -F = 30 + 4po + 5pi + 6p2 + 4p3 + 2p4 + 3p5 + 2qo + qi. Our new section is 

_ y+iao+ait+a2t^)x+bo+bit+b2t^+b3t^+b5t^+b6t'^ 
W — p . 

Blowing-up successively at t = and t = 00 gives ao = 0, Oi = 0, 02 = 0, 60 = 0, 61 = 0, 62 = 0, 63 = i,b^ = 
0, 66 = 0. Thus, 

Substituting in the original equation, converting to the Weierstrass form after completing squares, renaming 
variables, and then simplifying, we get 

This is a pseudo-elliptic fibration with MH^-rank 0. Also since the determinant obtained from the fiber 
components is already —9, hence it doesn't have torsion sections either. 



51. Fibration 49 : A2, A2, A2, A2, Eg, E^ 
We use the 3-neighbor construction on the fiber configuration Ee,EQ,Es. The original equation is 

The original fibers are Eq at t = (Roots: Po,Pi,P2,P3,P4,P5,P6 where po,P4,P6 are the simple com- 
ponents and p2 is the component with multiplicity 3), Eq at t = 00 (Roots: 50 , 91 , '?2 , 93 , 94 , 95 , 96 where 
90)94)96 are the simple components and 92 is the component with multiplicity 3), Es at t = 1 (Roots: 
'r'o,'r'i,r2, ■ ■ ■ , where ro is the simple component and ri is the multiplicity 2 component intersecting ro). 
The new Eq fiber we consider is F = 30 + 2po + pi + 2qo + 91+ 2ro + ri. Our new section is w = 

y+(ao+ait+a2t^)x+bo+bit+b2t'^+b3t^+b5t^+bet'' 
t^(t-l)^ • 

Blowing-up successively at t = and t = 00 gives ao = 0, ai = 0, 02 = 0, 60 = 0, bi = 0, 62 = 0, 63 = 0, 65 = 
0, be = 0. Thus, 

y 

w = 

t^{t - 1)2 

Substituting y = wt^^t — if in the original equation, converting to the Weierstrass form after completing 
squares, renaming variables, and then simplifying, we get 

This is a pseudo-elliptic fibration with MW^-rank 0. It has 3-torsion sections. 



section type 


equation 


3-torsion 


{Q,i'(t' + l)) 















52. Fibration 50 : A2,Eq,E(,,Eq 
We use a 2-neighbor construction on the fiber configuration A^jD^jEq. The original equation is 

y^=X^ + {t^-t)x^+t^ 

The original fibers arc ^5 at i = (Roots: p().pi,p2,p3, . . . where po intersects O, the zero section), Dj 
at f = 00 (Roots: 90, 91, 92,. •• where 90 intersects O), Eq at t = 1. The new Eq fiber we consider is 
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F = 20 + 3po + 2j3i +P2 + 2p5 +P4 + qo- Our new section is u; = <^o+ait+a2f+a4t^+x _ 
Blowing-up successively at t = and t = oo gives ao = ai = 02 = ^4 = 0. Thus, 

X 

'" = T^ 

Substituting x = wt^ in the original equation, converting to the Weierstrass form after completing squares, 
renaming variables, and then simplifying, we get 

y^ = x^ + {e + l)t\t-lf 
This is another pseudo-elliptic fibration with MW rank 0. 

53. Fibration 51 : ^3,^3,^6,^6 

We use a 2-neighbor construction on the fiber configuration A^. A2, A2, D^. The original equation is 

j/ = + {f + l)a;2 + t^x + 

The original fibers are at t = (Roots: Po,Pi,P2,P3, ■ ■ ■ where po intersects O, the zero section), A2 at 
t = (Roots: qo, q\,q2 where qq intersects O), A2 a,tt = i — 1 (Roots: ro, ri, r2, where tq intersects O), 

and D7 at t = 00 (Roots:so5 si, • • • )• The new A3 fiber we consider is F = O + P + po + qo, where P is the 

section (—l,t^). Our new section is w = . 

Blowing-up successively at t = and t = —i — 1 gives ao = 0, ai = i — 1. Thus, 

W = ; : -T— 

t{t + l + l) 

Substituting in the original equation, converting to the Weierstrass form after completing squares, renaming 
variables, and then simplifying, we get 

=x^ + {-it'^ -t^ + (i- i)t + l)x^ - t^{t - i){t^ +it^ +t-i-l)x + t^{t - if {{I - i)t^ - i) 



Position 


Kodaira-Neron type 


t = 


Ae 


t = 1 


A, 


t = i 


Ac, 


t = 00 


A3 



This has MW rank 2. 



54. Fibration 52 : ^6,^6, -De 
We use a 2-neighbor construction on the fiber configuration A3, A3, Aq, Aq. The original equation is 

y^ = X^ + {-It^ ~{i + l)f-t-l)x^ + {-t^ - it^ +t^-{i + l)t^ + -it')x + (1 - i)t^ + (1 - i)t^ - it^ + 

The original fibers are A3 at t = (Roots: pa,pi,p2,P3 where po intersects O, the zero section), A3 at t = 00 
(Roots: qo,qi,q2,q3 where qo intersects O), Aq at t = i, and Ae at < = 1. The new Dq fiber we consider is 
F = 20 + 2po+pi+P3 + 2go + qi+q3- Our new section is w = '^o+ait+ast'^+a^t^+x _ 
Blowing-up successively at t = and t = 00 gives ao = = ct3 = «4 = 0. Thus, 

X 

Substituting x = wt^ in the original equation, converting to the Weierstrass form after completing squares, 
renaming variables, and then simplifying, we get 

y"^ = x^-{it^+it)*x^+{t^-it'+{i+l)f+{-i+l)t^+it^-it^+{i-l)t-^^ 



This has MW rank 2. 
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55. Appendix A 

Here we describe the method of 2-neighbor and 3-neighbor construction, which I learnt from my advisor 
Prof. Abhinav Kumar. For a more detailed description, we refer to |Kulj . 

2-neighbor and 3-neighbor construction 

X is an elliptic K3 surface, defined over the base field k of characteristic 3, whose minimal model is given 
by y'^ = + a2{t)x'^ + a4{t)x + aQ{t) (a^ G k[t], deg a,; < 2i). X admits an elliptic fibration over P"'^, with 
generic fiber E/k(t). O denotes the zero section and P,Q etc. are other sections. We want to compute the 

global sections of Ox{a,iO + + a^Q H h C). We know that Ox{P) is a line bundle of degree 1, where 

P is a section. Riemann-Roch implies h^{nP) — n, with sections 

1 generating H^{Ox{P)) 

l^,x generating H°{Ox{2P)) 

1^, 1.x, y generating H°{Ox{3P)) 

etc. 

For the 2-neighbor construction, we often consider D = 20. The basis for r{Ox{P')) is in this case given 
by 1 and x. If Fi, an elliptic divisor, is given by Fi = D + C, then we have 2 linearly independent global 
sections to T{Ox{Fi)), given by 1 and a{t) + b{t)x for some a{t),b{t). The new elliptic parameter, which we 
denote by w throughout in this paper, is given by the ratio of these two sections. Thus w — a(t) + b{t)x. 
Here, a(t) is a rational function with numerator of degree at most 4, and b{t) has a constant numerator, 
which we assume to be 1 by rescaling x. The denominators of a{t) and b(t) are polynomials giving the correct 
order of poles at the singular fibers. Then we follow Tate's algorithm of successive blow-ups to pin down the 
coefficients of a{t), b{t) so that they give the correct order of poles at the respective irreducible components 
of the fibers. Ultimately we write x = {w — b{t))/a{t). This when substituted into the original equation gives 

y2 = h{t,u) 

where h, after suitable change of coordinates to absorb square factors into y^, is a cubic or quartic polynomial 
in t. 

The other case when D = O + P is similar, and has been explained in |Kul) . 

In some cases we need to use the 3-neighbor construction, in which our divisor D is of the form D = 30 + G 
or 20 + P + G and so on. In this case the basis for the space of global sections is given by l,x,y. Thus 
we look at sections of the form w = a(t) -\- b{t)x -\- c{t)y, where a{t) is a rational function with numerator 
a polynomial of degree 6, the numerator of b{t) is one of degree 2, and that of c{t) is a constant which we 
assume to be 1 by rescaling y. All these rational functions have denominators giving the correct order of 
poles at the singular fibers. We then use successive blow-ups, as usual, to pin down w. Next step is to write 
y in terms of x, t and w, and replace in the original equation. This we then simplify to get an equation in 
x and t of total degree 3, with coefficients in k[w]. This we then convert into a Weierstrass form, using a 
rational point on the curve. 

The method of conversion of the cubic or quartic into the Weierstrass form can be read off from jKul) 
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